LIE-RINEHART COHOMOLOGY AND INTEGRABLE 
CONNECTIONS ON MODULES OF RANK ONE 



EIVIND ERIKSEN AND TROND ST0LEN GUSTAVSEN 



Abstract. Let k be an algebraically closed field of characteristic 0, let R be 
a commutative fc-algebra, and let M be a torsion free ij-module of rank one 
with a connection V. We consider the Lie-Rinehart cohomology with values 
in Endjj(Af) with its induced connection, and give an interpretation of this 
cohomology in terms of the integrable connections on M . When R is an isolated 
singularity of dimension d > 2, we relate the Lie-Rinehart cohomology to the 
topological cohomology of the link of the singularity, and when R is a quasi- 
homogenous hypersurface of dimension two, we give a complete computation 
of the cohomology. 



1. Introduction 

Rinehart introduced Lie-Rinehart cohomology in Rinehart [15) as a generaliza- 
tion of de Rham cohomology. Later, Lie- Rinehart cohomology has been considered 
by several authors, see for instance Huebschmann [IT] and Casas, Ladra and Pi- 
rashvili 3J. In singularity theory, Huang, Luk and Yau [10] studied the so-called 
punctured de Rham cohomology, and although it is not mentioned in their paper, 
it turns out that this cohomology coincides with the Lie-Rinehart cohomology. 

The purpose of this paper is to study the Lie Rinehart cohomology when R is a 
representative of an isolated singularity, and to interpret this cohomology in terms 
of integrable connections on i?-modules of rank one. The emphasis is on explicit 
results and examples. 

Let k be an algebraically closed field of characteristic 0, let R be a commutative 
fc-algebra and let M be a torsion free -R-module of rank one with a (not necessarily 
integrable) connection V : Derfc(i?) — > Endfe(M). We consider the Lie-Rinehart 
cohomology H^ in (Der/ c (i?), End^(M)) where End^(M) has the (integrable) con- 
nection induced by V. We give the following interpretation of the Lie-Rinehart 
cohomology in terms of integrable connections: 

Theorem A. Let R be a complete reduced local k-algebra and let M be a torsion 
free R-module of rank one. Then we have: 

(1) There is a canonical obstruction class ic(Af) G Hp in (Derfe(i?), End^(M)) 
which vanishes if and only if there is an integrable connection on M. 

(2) If ic(M) vanishes, then H^ in (Derfc(i?), Endfl(M)) is the moduli space of 
integrable connections on M up to equivalence. 

Using a spectral sequence, we relate H^ in (Der & (ii), Endfl(M)) to the topological 
cohomology of the link of the singularity: 
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Theorem B. Let R be a finitely generated Cohen- Macaulay domain over C of 
dimension d > 2 with a unique isolated singularity x G X = Spec(i?). Then 
Endfj(Af) = R and there is a natural exact sequence 

-» Hj lill (Der( J R), J R) - H^CU.C) -» £ 2 0,1 - H^JDer^), i?) - H 2 ((7 an ,C) 

w/iere E^' 1 = ker(H 1 (J7, Ox) -> H^C/, fi^)) and [/ = X \ {x}. Moreover, if d > 3, 
i/ien H^Der^i?) = H^t^.C) H^ in (Der(i?), i?) H 2 ([/ an ,C). 

We give an example to show that H^> in (Der(i?), R) and H 1 ([/ an ,C) are not in 
general isomorphic in dimension d = 2. To further clarify the case d = 2, we show 
the following result: 

Theorem C. Let R = k[x%, X2, ^3]/(/) &e aw integral quasi-homogenous surface 
singularity. The grading on R induces a grading on Hp in (Derfc(i?), R), and 

H° in (Der fc (i?),i?) = H° in (Der fc (i?), i?) = R = k 

E^ n {DeT k (R),R) = H^ in (Der fc (i?),i?) = R d - dl ~d 2 ~d 3 for i= 1,2 

H^ n (Der fe (fl),ii)=0/ori>3, 

as graded k-vector space, where di = dega^ for i = 1,2,3. 

In particular, we have that H^ in (Derfe(i?), R) = ii^-i-i-i = Rd-3 when R is the 
cone over a plane curve, so that 

dimcHUDer^),*) = { ~ ^ = 2) 

is the genus of the curve V(f) in P 2 for i — 1,2. 

In Huang, Luk and Yau [10], the punctured local de Rham cohomology H^V, x) 
of a germ of a complex analytic space was studied. When (V, a;) is a hypersur- 
face singularity of dimension d > 2 with local ring R, H l h (V,x) coincides with 
H^ in (Derc(i?), R) for i > 1, and therefore 

dime H^ in (Der c (i?), R) = for 1 < i < d - 2, and 

dim c H^ in (Der c (i?), R) - dime H^ 1 (Der c (i?) , i?) = t i - t 

where [i is the Milnor number and r is the Tjurina number of the singularity. In 
particular, dime H 2 lin (Derc(i?), R) = dime H^ in (Derc(-R), R), when R is a quasi- 
homogenous surface, and this is in agreement with our Theorem C. 

We also prove that if J? is a curve, then any connection on a torsion free R- 
module (of any rank) is integrable. Moreover, if R = k[T] is an affine monomial 
curve and M is a graded torsion free i?-module of rank one with a connection V, 
then Hj lin (Der fe ( J R), M, V) = for * > 1. 

2. Basic definitions 

Let k be an algebraically closed field of characteristic 0, and let R be a com- 
mutative fc-algebra. A Lie-Rinehart algebra of R/k is a pair (g, r), where g is an 
i?-module and a k-hie algebra, and r : g — » Dcrfc(i?) is a morphism of i?,-modulcs 
and fc-Lie algebras, such that 

[D,rD']=r[D,D']+T D {r) D' 
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for all D,D' £ g and all r £ R, see Rinehart [T5]. A Lie-Rinehart algebra is the 
algebraic analogue of a Lie algebroid, and it is also known as a Lie pseudo-algebra 
or a Lie-Cartan pair. 

When g is a subset of Deik{R) and r : g — > Derfc(i?) is the inclusion map, the 
pair (g,r) is a Lie-Rinehart algebra if and only if g is closed under the R- module 
and fc-Lie algebra structures of Der^ (R) . We are mainly interested in Lie-Rinehart 
algebras of this type, and we will usually omit r from the notation. 

Let g be a Lie-Rinehart algebra. For any i?-module M, we define a g-connection 
on M to be an R- linear map V : g — > Endfe(M) such that 

(2.1) V D {rm) = rV D {m) + D(r) m 

for all D £ g, r £ R, m £ M. A connection on M is a g-connection on M with 
g = Der fc (i?). 

If V is a g-connection on M, then any g-connection on M is given by V + P, 
where P £ Hom^(g, End_R(Af)). The linear maps in Hornfj(g, Endn(M)) are called 
potentials. 

Let V be a g-connection on M. We define the curvature of V to be the i?-linear 
map K\j : g A g — > Endfl(M) given by 

K V (D A D') = [V D , V D /] - V [D . D ,, 

for all D, D' £ g. We say that V is an integrable g-connection if K\j = 0. 

Let g be a Lie-Rinehart algebra of R/k, and let (M, V) be an i?-module with an 
integrable g-connection. Define 

C£ in (g, M, V) = Hom fl (A^g, M) for n > 0, 

and define 

d":Q in (g,Af,V)-C^ 1 1 (g,M,V) 

by 

n 

d n (0(D A ■ ■ ■ AD„) = ^(-1)^^ (C(CoA ■ • • AAA ■ • • A^„))+ 

i=0 

J2 (-l) j+k Z{[Dj,D k }AD Q A ■ ■ ■ AD 3 A • • • AD k A ■ ■ ■ AD n ) 

0<j<k<n 

Since ifv = 0, one verifies that Cj^ in (g, M, V) is a complex of k- vector spaces; notice 
that the maps d n are not i?-linear. The Lie-Rinehart cohomology H^ in (g, M, V) is 
defined to be the cohomology of the complex C^ in (g, M, V), see Rinehart [15] . 

The Lie-Rinehart cohomology is also referred to as the Rinehart cohomology and 
as Chevalley-Hochschild cohomology. Note that the definition of the Lie-Rinehart 
cohomology generalizes the definition of Chevalley-Eilenberg cohomology (when 
R = k) and deRham cohomology (when R is regular and g = Derfc(i?)). For 
further properties of Lie-Rinehart cohomology, see Huebschmann [11] and Casas, 
Ladra and Pirashvili [3]. 

3. Connections and cohomology 

Assume that R is a reduced noetherian fc-algebra, and that M is a rank one tor- 
sion free finitely generated i?-module. In this section, we relate the set of integrable 
connections on M to Lie-Rinehart cohomology. 
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Let S C R be the set of regular elements, and let Q = Q(R) = S~ 1 R be the total 
ring of fractions. Then by assumption, M —> M <E>r Q is injective and M <8>k Q is 
a free Q-module of rank one. Moreover, fixing an embedding M C Q, we identify 
R := Endfl(M) as {tp e Q : ^>M C M}. We view the i?-algebra R as a commutative 
extension of R with R C R C Q. 

Let g be a Lie-Rinehart algebra and assume that there is a g-connection V 
on M. Then there is an induced g-connection V on R = End^(M), given by 
V D 0) = V d 4>- (t>V D for D e g and e End K (M). 

Proposition 3.1. Lef V be a (not necessesarly integrable) g-connection on M. 

(1) The induced g-connection V : g — > Endfe(i?) is given by V d(</>) = -D(<^) /or 
4> £ R, where <f> is identified with an element in Q and D is extended to Q. 
In particular, V is an integrable connection that is independent of V. 

(2) If R is normal, then R — R, and V is the action t : g — > Derfe(J?). 

Proof. We first prove (1). An element D e g has a lifting to a derivation on Q 
(which we also denote by D). For any connection V on M, we may consider Vd 
and D as maps from M C Q into Q- Then Vb — D is in Hom^(M, Q), so that 
V_d = D + tpn for some -0D £ <3- A calculation shows that 

V D (<^) = (V D ^ - 4>V D ) = (D + ip D )cf> - 0(D + ipjj ) 
= D<t>-<j>D = D(<j>) 

where we consider as an element in Q. In other words, g acts on R through V by 
extending the action of g to Q. 

To prove (2), note that R C Q is integral over R since i? is a finitely generated 
i?-module. By assumtion, R is normal, hence R = R. □ 

With assumptions as above and with V as in the proposition, we will consider 
the Lie-Rinehart cohomology groups H^ in (g, R) = H^ in (g, R, V) of (R, V). We shall 
give an interpretation of these cohomology groups for n = 1 and n = 2: 

Proposition 3.2. If M admits a g-connection, then there is a canonical class 

ic(M)en 2 ma (g,R) 

called the integrability class, such that ic(M) = if and only if M admits an 
integrable g-connection. 

Proof. Let V be a g-connection on M and let V be the induced g-connection on 
R = Endfl(M). It follows from the Bianchi identity 

(d 2 (K v ))(D 1 A D 2 A D 3 ) = V Dl K v (D 2 A D 3 ) - V D . 2 K W {D 1 A D 3 ) 

+ V D3 K V (D 1 A D 2 ) - K V ([D U D 2 ] A D 3 ) 
+ K v ([D u D 3 ]AD 2 )-K v ([D 2 ,D 3 ]AD 1 )=0 

that Ks7 is a 2-cocycle in the Rinehart complex C^ in (g, R). We define ic(M) = 
[ifv] S H^j n (g, R), and see that ic(M) = if and only if ify = d 1 ^) for some 
potential r G C^ in (g, R). A calculation shows that this condition holds if and 
only if V — t is an integrable g-connection on M, since K^> = K\j + d 1 (P) when 
V = V + P. □ 
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Definition 3.3. Let V and V be two g-connections on M. We will say that V and 

V are equivalent if there is an i?-linear automorphism ip of M such that diagram 
commutes 

M ^> M 
M — 2» M 

commutes for all D G g. 

On may consider the category of modules with g-connections, see Section 1 in 
Eriksen and Gustavsen [6]. Then V ~ V if and only if (M, V) and (M, V') are 
isomorphic in this category. 

Theorem 3.4. Assume that (i?,m) is a reduced complete local noetherian k-algebra 
with residue field k, and let (M, V) be a rank one torsion free finitely generated R- 
module with an integrable g-connection. Then there is a bijective correspondence 
between Hp in (g, R) and the set of equivalence classes of integrable g-connections on 
M. 

Proof. Let r G Honing, R). We claim that V— r is an integrable g-connection if and 
only if t is a 1-cocycle in C^ in (g, R). By definition, d 1 (r)(Di A D 2 ) = Vdj^) — 
V d 2 t (Di) — t([Di,D 2 ]) and therefore 

X V -r(.Di A D 2 ) = K V {D 1 A D 2 ) + d^r^D, A D 2 ) + [r(Z>i), r(D 2 )}. 

Since R is commutative, [t(Z)i), t{D 2 )\ — and this proves the claim. 

The correspondence between H 1 (g,R) and equivalence classes of integrable g- 
connections is induced by r i— » V — r. We must show that r G im d° if and only if 

V and V — r are equivalent. 

Assume r = d° (</>), where <t> G End fl (M) ^ C^ in (g,!R). This means that t(D) = 
Vd(^i) for all D G g. We claim that there exists an automorphism ip G R such 
that i/jVd = (Vd - T(D))ijj for all D G g. In fact, we have t(D) = D{4>) and 
Voip — "0V d = D(t/j) by Proposition 13.11 so ^iVd = (Vd — t(D))i/j if and only if 
D(ip) = D((p)ip. Since R is is a finitely generated i?-module, R/mR is an artinian 
ring. We have that Jfli? = m where J is the Jacobsen radical in R, and it follows 
that J n C mi? for some n. Thus R is complete in the J-adic topology. It follows 
that R is a product of complete local rings with residue field k. We have k r C R 
and R/ J = k r for some r. If e is any idempotent and D a /c-linear derivation, it 
follows that D(e) = 0. Hence d°{k r ) = and we may assume that t = D((f>) for 
(f> G J. It follows that ^ = exp(0) is in R and V'Vd = (Vd — r(D))?p. 

Conversely, assume that there is an automorphism ip G R such that t/>Vd = 
(Vd — r (D))ip for all D G g. Since i/j is a unit, we can take = log(-0), and by an 
argument similar to the one above <p G R. This implies r = d°((f). □ 

4. The curve case 

In this section we assume that R is reduced noetherian fc-algebra of dimension 
one, and consider in some detail the case when R is a monomial curve. 

Proposition 4.1. Let g C Derk(R) be a Lie-Rinehart algebra and let M be a 
torsion free R-module. Then any g-connection on M is integrable. 
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Proof. If dimi? = 1, one has that HoniR(A 2 g, EikIr(M)) = when g C Derfc(i?) 
since Endfl(M) is torsion free and A 2 g C A 2 Deik(R) is a torsion module. If there 
exists a connection V on M, the curvature, which is an i?-linear map A'v : g A g — > 
Endfl(M), is necessarily zero. Thus the connection is automatically integrable. □ 

Let R = k[T] be a monomial curve singularity given by a numerical semigroup 
r C No, where H — No \ L is a finite set. We consider a finitely generated graded 
torsion free i?-module M of rank one. Up to graded isomorphism and a shift, we 
may assume that M has the form M — k[A], where A is a set such that F C A C No 
and T + A C A. Let F^ = {w e H : w + (T \ {0}) C L} and let E be the Euler 
derivation. Then the set {E} U {t w E : w G T^} is a minimal generating set for 
g = Derfc(i?) as a left R- module, see Eriksen [4]. 

Theorem 4.2. Let R = k\T] be a monomial curve singularity given by a numerical 
semigroup I C No, where Nq\T is a finite set, and let M be a finitely generated 
graded torsion free R-module of rank one. If ' V is a connection on M , then 

lT Rin (Der fc ( J R),M ! V) = 0/ O ri> 1. 

Proof. Let g = Der fc ( J R). Consider the set 5" = {A G A : A + % A} and let I be 
the cardinality of S. There are three possibilities: 

(1) I — 0: V e = E — c defines an integrable connection on M for all c E k. 

(2) 1=1: V e = E — c defines an integrable connection on M iff c = Ao is the 
unique element in S. 

(3) I > 2: there are no connections on M 

Assume I < 1 and consider the connection given by V^; = E — c, where c £ k if 
/ = and c = A if I = 1. Let r : Hom fl (g, M) — > M be given by <j) >-> ^(E 1 ). Then 
the composition 

M ^ Hom R (g,M) ^> M 

is the operator Vg. We claim that r is injective with image k[A\ {c}] C M. In fact, 
if G Hom fl (g, M) with 0(E) = 0, then <p(t w E) = t w (j){E) = since M is torsion 
free. Therefore r is injective. Consider t x with A G A \ {c}. Since X ^ S, we have 
that rW + A C A. Therefore, <p{E) = t x and <j){t w E) = t w t x for w G T^ 1 ) defines 
a well-defined ii-linear map <f> : g — > M. Moreover, we clearly have i c €" im(r). 
Since r is a graded homomorphism, this proves that im(r) = k[A \ {c}] C M. If <f> G 
Hom/j'(g, M) is homogenous of degree if, then <fr(E) G M is homogenous of degree 
w and w ^ c. This implies that d° (<j>(E) / (w — c)) = and therefore d° is surjective. 
We conclude that H^ in (g,M) = 0. Since C* Rin (g, M, V) = Hom fl (A l g,Af) = for 
i > 2, Hj Ua (Der fe (ii), M, V) = for i > 1. ' □ 

Given a graded torsion free i?-module M of rank one on a monomial curve R, 
it does not necessarily exist a connection on M, see Section 5.2 in Eriksen and 
Gustavsen [6j. However, if there exists a connection, it is integrable and unique up 
to analytic isomorphism by Theorem 13.41 and the proposition above. 

5. The case of an isolated normal singularity 

In this section, we assume that R is a noetherian Cohen-Macaulay domain over 
k of dimension d > 2 with a unique isolated singularity. For any finitely generated 
torsion free -R-module M of rank one, R = End/?(Af) = R from Proposition 13.11 
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since R is normal by Serre's normality criterion. Moreover, if M admits a connection 
V, then the induced connection V on R is the standard action of Derk(R) on R. 

From Proposition 13. 2[ we know that H Rin (Dei^(R), R) contains the obstruction 
for the existence of an integrable connection on M. If it vanishes, then it fol- 
lows from Theorem 13.41 that H^ in (Derfc(i?), R) is a moduli space for the integrable 
connections on M, up to analytic equivalence. 

When k = C is the complex numbers, there are also other interpretations of the 
k- vector spaces H Rin (Derail), R) and H Rin (Derk(R), R): In this section, we will re- 
late the Lie-Rinehart cohomology H^ in (Der/ c (i?), R) to the topological cohomology 
H*(£/ an , C) where U = X \ {x}, X = Spec(i?) and x £ X is the singular point. The 
Lie-Rinehart cohomology Hj^ in (Derfc (ii), R) is also closely related to the punctured 
deRham cohomology of Huang, Luk and Yau [TO] and therefore to the \i and r 
invariants. 

Theorem 5.1. Let R be a finitely generated Cohen- Macaulay domain over C of 
dimension d > 2 with a unique isolated singularity x £ X = Spec(_R). Then there 
is a natural exact sequence 

-» R Rin (Der(R),R) -> U\U an ,C) -> E^ 1 - R 2 Rin (Ver(R), R) -> H 2 (f/ an ,C) 

where E° a = ker(H 1 (C7, X ) -> H. l (U,ti^)) and U = X \ {x}. Moreover, ifd>3, 
then H^ n (Der(i?) 5J R) S H^f/^C) and H 2 in (Der(i?), R) ^ H 2 ([/ an ,C). 

Proof. The definition of the Lie-Rinehart complex generalizes to give a complex 
Gjau^QX) Ox) of sheaves on X, given by 

eg in (6x, Ox) = Xom 0x (A"6 X , Ox) 

with the natural action of the tangent sheaf Ox on Ox- In particular, there is 
a restricted complex C^ in |[/ = ^^(©j/, Qu) °f sheaves on U. Denote by BP = 
HP(£7, CpuJc/) the hypercohomology of the sheafified Lie-Rinehart complex, see for 
instance 5.7.9 in Weibel [16J . From the five term sequence, we get 

-> E\'° -> H 1 -> S^- 1 -> £ 2 ' -> H 2 

where -Ef' 9 = ^Ef' 9 — H P (H 9 (C/, Crih I c/ ) ) ■ Consider in particular the vector spaces 
£f'° = IP(H (£/, e^ n |[r)). Since Cg in | ^ is sheaf of reflexive modules for p > 
by Corollary 1.2 in Hartshorne [9], we get from Proposition 1.6. (iii) in [9] that 
B°(U, G R Ju) = C* Rin {Ber(R) : R). Thus E p 2 '° = R R in (Der(i?), i?). Note further that 
since U is smooth, Cj^Jc/ coincides with the deRham complex, so by Grothendieck's 
algebraic deRham theorem, HP = B*(U, e Rin \u) = H l (C4n, C), see [8. On the other 
hand, we see that 

E / =H (H 1 ([/ ) e^ in | [/ ))^ker(H 1 (C/,Ox) -H 1 ^,^)). 

For the last part, we notice that H 1 (C7, Ox) = H{ x }(Ox), where the last group 
is the local cohomology with respect to the closed subscheme {x}, see for instance 
4.6.2 in Weibel [16]. By Corollary 4.6.9 in [IB] , this group vanishes if d > 3. In 
particular, it follows that E 2 ' = in this case. □ 

For surface singularities, it is in general difficult to compute E®' 1 directly. We 
have the following partial results: 
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Remark 5.2. For a rational complex surface singularity with link L, it is known 
that H^LjC) = 0, see Mumford [14], and by Poincare duality H 2 (L,C) = 0. 
For simplicity, we assume that R is quasi-homogenous (for instance a quotient 
singularity). In this case, we have H z (t/ an ,C) = H l (L,C) = for i = 1 and 2. Thus 
H^ in (Der(i?),i?) - and E^ 1 £ H^ in (Der(i?), R). 

Remark 5.3. For simple elliptic complex surface singularities, Kahn has shown that 
H^ in (Der(i?),i?) S C, see [T2]. One the other hand, H^f/^C) C 2 , so B^' 1 ^ 
in this case. 

Let us consider the punctured local holomorphic de Rham cohomology HI (V, x) 
introduced in Huang, Luk and Yau 10J for a germ (V, x) of a complex analytic 
space. In fact, for a hypersurface singularity R of dimension d > 2, H^V^x) 
coincides with Hp in (Dert(-R), R) for i > 1, see Lemma 2.7 in [TUJ and Proposition 
1.6. (iii) in Hartshorne [S]. The following result follows from the main theorem in 
Huang, Luk and Yau [TU] : 

Theorem 5.4. Assume that R = C[[xq, . . . , Xd]]/(f) and that R is an isolated 
singularity of dimension d > 2. Then 

(1) dim c Hj, in (Der c (.R), R) = for 1 < i < d - 2, 

(2) dim c H^ in (Der c (i?), fl) - dim c E$£(pec c (R), R)=p-T, 
where /i is the Milnor number and r is the Tjurina number. 

Corollary 5.5. If d > 3, then H^ in (Der c (i?), R) = H^f/^C) = and if d > 4, 
then H 2 lin (Der c (i?), R)=0. 

6. The case of a quasi-homogenous surface 

In this section, we compute the Lie-Rinehart cohomology H^ in (Derfc(i?), R) in 
the case of a integral quasi-homogenous surface singularity R = k[xx,X2,Xs]/(f). 
We write di = degee^ for i — 1,2,3, d — deg/ > 2 and put a;, = di/d, S — 
bji + uj 2 + a>3 - 1. 

The Lie-Rinehart complex C* = Cp in (Derfc(_R), R) in the present case is given 

as 

C° = R C 1 = Hom K (Der fe ( J R), i?) C 2 = Hom fl (A 2 Dcr fc (i?), i?) -» 

since A 3 Derfe(i?) is supported at the singular locus of Spec(i?). The map d° is given 
by d°(r)(D) = D(r) for r 6 R, D E Der fe (i?) and d 1 is given by 

d^ifXiD! A Da)) = Di(^(D 2 )) - D 2 (^(D 1 )) - i P ([D 1 ,D 2 ]) 

for 93 G Horrid (Der fc (i?), i?) and D X ,D 2 & Der fe (i?), Note that Hj Un (Der fc (J?), i?) = 
for i > 3. 

It is clear that C 1 = Hom R (Der k (R), R) and C 2 = Hom fl (A 2 Der fc (i?), R) are 
graded, and that d° and d 1 are homogenous of degree zero. It is further well- 
known that Derfc(i?) is naturally generated by the Euler derivation E (homogenous 
of degree 0) and the Kozul derivations D\, D 2 , D3 (homogenous of degree d—d\ — d 2 , 
d — d\ — e?3, d — d 2 — d% respectively), given by 

d d d df d df d 
E = ujiXi- \-uj 2 x 2 - 1-^3^3-5 — Di = — — — - — , 

oxi ox 2 0x3 ox 2 ax\ ox\ ax 2 

D2 = ^LJL^^LJL D = ^LA_^LA 

8x3 dx\ dxi 8x3 ' 8x3 dx 2 dx 2 8x3 
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To give a description of C 1 = HoniR(Derfc(i?), R), we define 

and tp = 





fl 


h 


h 









UJ2X2 


—lO\X\ 





h 






U3X3 





— UJiXi 


-/ 2 




V 





^3^3 


-L0 2 X 2 


h 


) 



1 UlXx 


h 


fa 





\ 


UJ 2 X 2 


-fl 





/a 


U3X3 





-fi 


-/ 2 




V 


^3^3 


-L0 2 X 2 


U)\X\ 


) 



where /j = df/dxi. 

Lemma 6.1. T/ie matrices {<p,ip) give a matrix factorization ofDeik(R) and the 
transposed matrices ((p T ,'ifj T ) give a matrix factorization of HoniR^Der^i?), R). 

Proof. This follows from Lemma f .5 in Yoshino and Kawamoto [17) and Proposition 
2.1 in Behnke pQ. For the last part see for instance Lemma 11 in Eriksen and 
Gustavsen [6]. □ 

Mapping Horn^Der^i?), R) into R 4 by evaluation on (E, D\, D 2 , D3), we obtain 
the rows t/>W in ip as generators for Hom/j(Der(_R), R) in i? 4 . We see that degipw = 
di for i = 1, 2, 3, and deg V^ 4 ^ = di + d 2 + da — d = d<5. 

To give a description of C 2 = Hom^(A 2 Derfc(i?), i?), we consider the element 
A = A 7 r--# L 7r-A 7 ^- + A #- of degree d-d 1 -d 2 -d 3 = -dS. 

0x3 Oxi 0x2 0x2 Oil 02:3 OTi 0x2 0x3 o 1 z o 

A calculation gives 

E A D\ = W3X3A, E f\ D 2 = -u 2 x 2 A, E A D 3 = iv 1 x 1 A, 

D 1 AD 2 = -^A, DiAD 3 = ^-A, D 2 AD 3 = ^-A, 

ax\ ax 2 0x3 

and we conclude that A 2 Derfc(i?) = {x\, X2, x 3 )A. From this, we get the following 
isomorphisms of graded modules: 

Hom fl (A 2 Ber k (R), R) = HoniR(mA, R) Hom fl (i?A, R) = R[- deg A]. 

We compute the map d 1 and get 



d x (rV> (1) )(£AD 3 ) = E{r4i (1) )~D3{r4> (1) {E))-ril; {1 \[E 1 D3]) = -wirci-Ds^) 
^(^(BADj) = £(W> (2) ) - D 2 (nl>W){E) -r^ 2 \[E,D 2 \) = -uo 2 x 2 D 2 {r) 
d 1 (riP (3) ){E ADi) = £(r?A (3) ) - Di(r^ (3) )(-B) - r^ (3) ([-B, L>i]) = -u^D^r) 
d 1 ^^)^ A L>i) = £(r?A (4) ) - Di(r^ (4) )(-B) - r^ (4) ([-E, Di]) = ui 3 x 3 (E(r) + Sr) 
using 

[E, D{\ = (1 - wi - u^Dr, [£, D 2 ] = (1 - wi - ^ 3 )D 2 , [E, D 3 ] = (1 - wj - w 3 )D 3 

From this we conclude that 

d x (r0 (x) )(A) = -D 3 (r) d x (r0^)(A) - D 2 (r) 

<2 x (r0( 31 )(A) = -Dr(r) d x (r^ (4) )(A) = E(r) + Sr, 

and in conclusion we have reached a very concrete description of the Lie-Rinehart 
complex C^ in (Derfc(i?), R). Using this, we are able to prove the following result: 
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Theorem 6.2. Let R = k[xi,X2,xs]/(f) be an integral quasi-homogenous surface 
singularity. Then the grading on R induces a grading on H Rin (Derfc(i?), R), and 

H° in (Der fc (i?),i?) = H^ in (Der fc (i?), R) S R = k 

H^ in (Der fe (i?), R) = H^ in (Der fe (i?), R) = R d - dl - d2 - ds fori = 1,2 

H l Rin (Der fc (i?),i?) = 0/ O r l >3, 

as graded k-vector space, where di — degx^ for i = 1, 2, 3 and d — degf > 2. 

Proof. For simplicity, we write H l = H Rin (Derfc(i?), R) for i > 0. We have that 
H° = {r e R : D{r) = VZ? G Der fe (i?)}. If r G H°, then E(r) = ujr = implies 
that w = or r = 0. Thus H° = R = ft. 

We have that H 2 = cokerc? 1 = C 2 /imd 1 = g?<5]/ find 1 and imd 1 is spanned 
by Di(r) for j = 1, 2,3 and E(r)+Sr = ( f r +5)r as r runs through all homogenous 
elements in R. Since degZ?i = — dS + di, for i = 1,2,3, it follows that Di(r) G 
R-d5+di+degr = C 2 . +d for i = 1,2,3. Furthermore, + 5 = if and only if 
degr = —Sd. We conclude that imd 1 = C^ , and hence H 2 = C 2 , = R d - dl - d2 - d2 . 

To compute H 1 , we note that im d[J = and ker = • V' 1 ' 4 '' by the argument 
above. It follows that H = R- d s ■ V> — Rd-d 1 -d2-d 2 - We claim that H w = for 
w 0. To prove the claim, we first note that since H 2 = for lu ^ 0, it follows 
that d x u induces an isomorphism /kerd^ = C 2 for w^0. Also, imd" = C° for 
w ^ 0. Thus 

dim fe = dim fc ker o% - dim fc im d° = dim fe - dim fc C 2 - dim fc C° 

for w^0. To compute these dimensions, recall the Auslander sequence 

0^u) R ^>E^m^>Q 

where ui R is the canonical module, E is the fundamental module and m is the 
maximal graded ideal of R. From (the proof of) Proposition 2.1 in Bchnke PQ, we 
have that uj r = Hom fl (A 2 Der fc (.R), i?) = C 2 and E = Hom R (Der fe (i?), iZ) = C 1 
as graded modules, since i? is quasi-homogenous, see also Lemma 1.2 in Yoshino 
and Kawamoto [17] . Since there are homogenous isomorphisms Extern, u> R ) = 
Ext R (R/m, tun) = R/m of degree zero, see Definition 3.6.8, Example 3.6.10 and 
Proposition 3.6.12 in Bruns and Herzog [2], it follows that the Auslander sequence 
is homogenous of degree zero. Thus dimC^ = dimC 2 +dimC" for uj ^ 0. This 
proves the claim that H w = for u =/= 0. □ 

Remark 6.3. It follows from TheoremE3]that HR in (Der fc (i?), R) = H 2 iin (Der fc (i?), R) 
when R = k[x\, /(/) is a quasi-homogenous surface singularity, since it is 
known that /i = r in the quasi- homogenous case. From Theorem l6.2l it follows that 
HRi n (Derfc(i?), R) = H 2 lin (Derfc(i?), R) as graded fc-vector spaces. 

Remark 6.4. We see that all cohomology is consentrated in degree in the case 
covered by the theorem. It follows from the proof of Proposition 13.21 that integra- 
bility class ic(M) lies in H 2 lin (Derfc(i?), R)o for any graded torsion free rank one 
module M. Moreover, if ic(M) = 0, it follows form the proof of Theorem 13.41 and 
Theorem IO that HR in (Der fc (i?), R) is a moduli space for integrable connections. 
Hence up to analytic equivalence, all integrable connections are homogenous. 
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dim c H^Derfc 



Example 6.5. We consider the singularity R = C[xx, x 2 , %3]/(f)i where / is 
homogenous of degree d, with d\ = e?2 = <fe = 1- Then Hp in (Derfe(i?), R) = 
Rd-i-i-i = Rd-3 so that 

f d - 3 + 2\ _ (d-l\ _ {d- l)(d- 2) 

for i = 1, 2. This number is the genus of the curve V(f) in P 2 , and therefore also 
the genus the exceptional curve in the minimal resolution of R. 

Example 6.6. The minimally elliptic singularity C[xi, X2, x^]/{x\ + x\ + x\) has 
d = 12, di = 4,d 2 = d 3 = 3, so H^ n (Der fc (i?),i?) S R 12 - 4 -3-3 = R 2 = for 
i = 1,2. 

Corollary 6.7. Lei i? = fc[xi, X2, ^3]/(/) &e «^ integral quasi-homogeneous surface 
singularity, and let M be any finitely generated torsion free graded R-module of 
rank one. Then any homogenous connection on M is integrable. 

Proof. Let V be an arbitrary homogenous connection on M, and let 

<- M <- L Li 

be a graded presentation of M, where {e^} and {/*} are homogeneous bases of Lq 
and Li, and do = ((%■) is the matrix of do with respect to these bases. Then we 
have deg(aij) = deg(/j) — deg(ei) for all i,j. We consider the diagonal matrix P 
with entries ej = (deg(ej-) — deg(ei))/d on the diagonal. Since we have 

E{d ) = - deg(oij = ^( d eg(/j) ~ deg(e i ))(a !J ), 

we see that E(do) + Pdo = d Q for some Q G End^(Li). Therefore, = E + P G 
Endfc(Lo) induces an operator V' E G Endfc(M) such that V^(rra) = E(r)m + 
rV' E (m) for all r G i? and m G M. Since V B - V' E G End fl (M) = Rq = k, it 
follows that V_e = E + P + XI for some A G k. 

We claim that the curvature ify = 0. Since 2£v € Hom^(A 2 Derfc(i?), i?), it 
follows from the calculations preceding Theorem 16.21 that it is enough to show that 
K V {E A Dx) = 0. We also have [E, D{\ = \{d -dx- d 2 )D 1 . Write V ' Dl = Dx + Q, 
where Q = (q. tj ) G End fl (L ) anddeg(<?y) = deg(ej) -deg(e;) + (d- d\ - d 2 ). Then: 

K V (E A Di) = V B V Cl - V Dl V s - V^,!?!] 

= (E + P + XI){Dx + Q)- {Dx + Q){E + P + XI) 

-~(d-dx-d 2 )(Dx + Q) 
d 

= E(Q) - Dx(P + XI) + [P + XI, Q]-\{d-dx- d 2 )Q 

d 

= E(Q) + [P, Q]--(d-dx- d 2 )Q 
d 

A direct computation gives [P,Q] = (— ^)(deg(e,-) — deg(ej))(<7y), and we clearly 
have E(Q) = \{d - dx - d 2 )Q + £(deg(e,-) - deg(ei))(g tf ). □ 

Example 6.8. Let R = k[x, y, z]/ (x 3 + y 3 + z 3 ). The module M with presentation 
matrix 

x —y 2 + yz — z 2 
y + z x 2 
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is a maximal Cohen-Macaulay of rank one, see Laza et al |13j . The derivation 
module Derfc(i?) is generated by the four derivations 

_ d d d 
E = x— + y— + z— 
ox oy oz 

D Q 2 9 n 2 9 

D 2 =3z 3a; — 

Ox Oz 

where E is the Euler derivation and D\,D2 and D3 are the Kozul derivations. 
Using our Singular 7J library Connections. LIB [5], we find that a connection is 
represented by 



Di 


2 9 
ox 


2 d 
dy 


D 3 


« 2 d 

= 3z IT 
oy 


- 2 5 
Oz 



2 



\ „ „ / 2a; 



y-2z J " 3 \ y-z 

Again using [5], we check that this is an integrable connection. Further one finds 
that the connection represented by 

t-,i „ / I \ „i _ / k 2a; 



^ ~^ 2 + ^ x 2 +y~2z xz J v A,-^3+^ Q x 2 +y 

is not integrable. 

The integrability class ic(M) = in Hp in (Derfc(i?), R) which means that V' 
becomes integrable after removing terms of degree different from zero. In fact, we 
see that this gives V. 

We also find that H^ in (Der^ (R) , R) = k, which means that there is a one pa- 
rameter family of integrable connections on M. 
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